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Homotopy Type and Euler Characteristic 
of Partially Ordered Sets* 
JAMES w. WALKER 
Many results about the homotopy type of posets can be conveniently proved using one 
topological theorem due to Quillen. This paper contains a proof of that theorem and several 
applications. Also included is a purely combinatorial theorem which is closely related to Quillen's 
theorem and which generalizes Rota's Galois connection theorem. 
1. INTRODUCTION 
Associated to each partially ordered set (poset), there is a certain simplicial complex 
called the order complex of the poset. The Mobius number, which is an important 
combinatorial invariant of a finite poset, equals the reduced Euler characteristic of the 
order complex. Thus topological techniques can be used to study the Mobius number. 
The application of topological methods to posets (which is to say, to their order complexes) 
has also led to new insights and results in the study of the fixed point problem for finite 
posets [2, 3] and in the theory of Cohen-Macaulay complexes [7, 9]. 
In most applications so far, it has only been necessary to determine the Euler charac-
teristic or homology of the order complex of a poset. But it seems esthetically preferable 
to determine the homotopy type, so long as it is not unreasonably difficult to do so. 
Previous results on the homotopy type of posets have used a variety of methods. The 
main purpose of this paper is to show that many such results can b~ proved using only 
one main tool, a theorem due to Quillen. We also consider the relationship of this 
theorem to purely combinatorial methods of studying the Mobius number. 
Although familiarity with algebraic topology will be helpful to the reader, it is not 
essential. I do assume familiarity with some non-algebraic notions which are often first 
encountered'in algebraic topology, e.g. geometric realization of simplicial complexes, 
homotopic maps and homotopy type of spaces. 
In Section 2, we discuss some topological facts about posets. In particular, I present 
a proof of Quillen's theorem which is much more elementary than the original one. 
Mobius numbers and Mobius functions are introduced in Section 3. The main result 
of this section is a Mobius analog of Quillen's theorem. (By "analog", I mean that both 
the hypothesis and the conclusion have been weakened, so it is neither a generalization 
nor a specialization.) In Section 4, this result is used to derive Rota's Galois connection 
theorem [20, Theorem 1]. 
Galois connections and Galois maps have been extensively studied; see, e.g., [1, Section 
3] and further references given there. In Section 5, I observe that Galois maps belong 
at the top of a hierarchy of classes of order-preserving maps. Each of these types of 
maps can serve to "transfer" a certain amount of combinatorial or topological information 
between posets. 
The remaining four sections contain applications of the methods of Sections 2 and 3. 
Section 6 mentions an extension of the notion of an irreducible element of a poset, 
as discussed, e.g., by Rival [19] and Bjorner [6]. 
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Topological generalizations of Rota's cross-cut theorem [20, Theorem 3] have been 
given by Folkman [13], Mather [16], Lakser [15] and finally Bjorner [6]. In Section 7, 
we prove Bjorner's version using Quillen's theorem. 
Crapo's complementation theorem [10] is a subtle fact about the Mobius function of 
a finite lattice. Baclawski and Bjorner have given related topological results [1,6] and 
applied them to the theory of fixed points in po sets [2, 3, 8]. Section 8 contains a new 
result along these lines. This theorem can actually be used to give a new proof of Crapo's 
theorem; see [9]. 
For any given poset, there is a sequence of related posets called the higher order 
complexes, which were first studied by B jorner [7, Section 7]. In Section 9, we define 
another sequence of derived posets and show that they are homotopy equivalent to the 
higher order complexes. Curiously, the proof involves a short excursion into matroid 
theory. 
2. TOPOLOGICAL TECHNIQUES 
Folkman [13] introduced the study of the simplicial complex of finite non empty chains 
of a poset, called the order complex of the poset. Given a simplicial complex, there is a 
well known construction of a topological space, called the geometric realization. Thus 
there is a natural way of viewing a poset as a topological space. We will usually do so 
without change of notation, but we will occasionally denote the geometric realization of 
a complex K by IKI. 
These constructions are functorial. That is, an order-preserving (isotone) map induces 
a simplicial map, which in turn induces a continuous map, in a way which commutes 
with composition of maps. 
The order complex of a poset and its geometric realization are special cases of the 
nerve of a small category and its classifying space, respectively. Quillen first proved 
Theorem 2.2 below in the context of classifying spaces. 
Recall that two topological spaces X, Yare homotopy equivalent if there exist con-
tinuous maps f: X ~ Y, g: Y ~ X (called homotopy equivalences) such that fog is 
homotopic to the identity map of Y, and g 0 f is homotopic to the identity of X. A space 
is contractible if it is homotopy equivalent to a point. 
Suppose K is a simplicial complex and X is a space. A function C which sends simplices 
of K to subspaces of X will be called a contractible carrier if 
(i) for every simplex u of K, C(u) is contractible, 
(ii) if T is a face of u, then C(T)C C(u). 
Furthermore, we will say that a continuous function f: IKI ~ X is carried by C if, for 
each simplex u of K, f(lui) C C(u). 
LEMMA 2.1. If C is a contractible carrier from K to X, then 
(a) there exists a continuous function g: IKI ~ X carried by C, and 
(b) [15, Lemma 4] any two continuous functions carried by C are homotopic. 
PROOF. In both parts of the proof, we will use the following elementary fact: Any 
continuous map from the boundary of a cell into a contractible space can be continuously 
extended across the entire cell. 
(a) We will construct g by induction on the skeletons of K. Recall that the n-skeleton, 
K(nl, is the complex consisting of simplices of K of dimension n or less. 
To start our induction, for each vertex v in K(Ol, let g(v) be any point of C(v). 
The inductive hypothesis is that g: IK(nll ~ X is continuous, and g(lui) C C(u) for all 
u in K(nl. Now suppose T is an (n + I)-simplex. For each proper face u of T, we know 
that g(iul) c C(u) c C(T), so g(IBdTi) c C(T). Since ITI is a cell and C(T) is contractible, 
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g can be continuously extended over ITI in such a way that g(ITj)C C(T). Noting that a 
map g : IKI ~ X is continuous if and only if it is continuous on each simplex, the induction 
is complete. 
(b) Suppose f, g: IKI ~ X are both carried by C. We will inductively construct a 
homotopy H: IKI x I ~ X from f to g. Note that IKI x I can be considered as a union of 
cells of the form lui x I, and a map on IKI x I is continuous if and only if it is continuous 
on each such cell. 
Define H:IKlx{O, l}~X by H(x,O)=f(x) and H(x, l)=g(x). If v is a vertex of K, 
then f(v) E C(v) and g(v) E C(v), so H : {v} x {O, 1} ~ X can be continuously extended to 
{v} x I. 
The inductive hypothesis is that H is defined continuously on IKI x {O, 1} U IK(n)1 X I, 
and H(lul x I) c C(u) for each u in K(n). Continue as in part (a). 
REMARK. Readers familiar with homology theory will notice that the lemma above 
is very closely related to the acyclic carrier theorem. 
If P is a poset and x E P, let P.;;.x denote the subposet {y E P: y :s:; x}. Similarly define 
P<x, P .. x and P>x' If g:P~Q is isotone, and if YEQ, then the subposet g-\Q",y) is 
called a fiber of g. 
Recall that a simplicial complex is a cone if there is some vertex v such that, for every 
simplex u, u u {v} is also a simplex. It is well known (and elementary) that any cone is 
contractible. In particular, note that a poset of the form P "'x or p;,.x is contractible. 
Here is our central tool, Quillen's theorem. 
THEOREM 2.2. [17, Theorem A; 18, p. 103]. If f:P~ Q is an isotone map, all of 
whose fibers are contractible, then f induces homotopy equivalence between P and Q. 
PROOF. The function u~lr\Q"'max(7)1 is a contractible carrier from (the order 
complex of) Q to IPI. SO, by Lemma 2.1(a), there exists a continuous map g: IQI ~ IPI 
such that g(luj) c Irl (Q",max<7)1 for every simplex u of Q. We will show that g is a 
homotopy inverse for f. 
If u is a simplex of Q, then g(luj) c Ir\Q",max(7 )1 = rl(j Q",max<7 I), so f 0 g(luj) cIQ""max<7l. 
But also lui c IQ",max<7l, so the function u ~ IQ",max<71 is a contractible carrier which carries 
fo g and the identity map of Q. So, by Lemma 2.1(b), fo g is homotopic to the identity 
map. 
If u is a simplex of P, then feu) is also a simplex, so go f(iul) c Ir\Q",maxf(<7)I. But 
also lui c Ir\Q""maxf(<7 ) I, so we see that the function u~lrl(Q.;;.maxf(<7)1 is a contractible 
carrier which carries g 0 f and the identity map of P. By Lemma 2.1 (b), g 0 f is homotopic 
to the identity map. 
Note that if f:P~ Q is an isotone map such that all of the subposets r1(Q""y) are 
contractible, then f is a homotopy equivalence: Apply the theorem above to the isotone 
map obtained from f by reversing the orders of P and Q, and observe that reversing 
the order of a poset does not change its order complex. Results obtained by reversing 
orders are said to follow by poset duality (or, informally, by "standing on your head"). 
Theorem 2.2 has a homological analog, which is implied by Quillen's proof. It can 
also be proved by the argument above, if one replaces Lemma 2.1 by the acyclic carrier 
theorem. 
THEOREM 2.3. If f:P~ Q is an isotone map, all of whose fibers are acyclic, then f 
induces homology isomorphism. 
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A poset will be called join-contractible (via y) if there is some element y such that 
x v y exists for every element x. 
PROPOSITION 2.4. Every join-contractible poset is contractible. 
PROOF. Suppose P is join -contractible via y. Let Q = P."y. Note that Q is contractible 
because it is a cone. Let f: P ~ Q be the isotone map defined by x ~ x v y. The fibers of 
fare r 1(Q .. z)=P .. z, which are cones, so Theorem 2.2 says that f is a homotopy 
equivalence. 
Define the barycentric subdivision of a poset P, denoted by sd(P), to be the set of 
finite non-empty chains of P, ordered by inclusion. One could prove that P and sd(P) 
are homotopy equivalent by applying Theorem 2.2 to the map which sends a chain to 
its greatest element. The fibers of this map are of the form sd(P .. x ), which is join-
contractible via the singleton chain {x}. However, it is well known that the spaces of P 
and sd(P) are actually homeomorphic. 
The map of Theorem 2.2 can be generalized to a relation, as follows. A subset I of 
a poset P is called an ideal of P if, given that y E I and x .;; y in P, it follows that x E l. 
We will say that a relation R between two posets P and Q is an ideal relation if R is 
an ideal in the direct pr6duct poset P x Q. (This is called a "saturated order-preserving 
relation" in [1, Section 3].) 
We will need the following construction, which is a slight modification of one given 
by Baclawski in [1, p. 198]. Given P, Q and R, construct a poset whose underlying set 
is the disjoint union of P and Q, and whose ordering is given by x .;; y if and only if one 
of the following holds: 
(i) x .;; y in P, 
(ii) x ~ y in Q, or 
(iii) x E P, y E Q, and (x, y) E R. 
This definition gives a partial order precisely when R is an ideal relation. Following 
Baclawski, we denote this new poset by P + RQ. 
THEOREM 2.5 [18, p. 104]. If R is an ideal relation between P and Q, and if the 
subposets R(x) and R-1(y) are contractible for each x in P and yin Q, then P is homotopy 
equivalent to Q. 
PROOF. Recall that A * denotes the dual (or opposite) of a poset A. Let i : P ~ P + RQ 
and j: Q ~ (P+ RQ)* be the inclusion maps, which are isotone. The fibers of i are the 
subposets R-1(y) and p"x' By hypothesis, R-1(y) is contractible, and p""x is contractible 
because it is a cone. Therefore, by Theorem 2.2, i is a homotopy equivalence. We can 
similarly apply 2.2 to j. 
Theorem 2.5 generalizes 2.2 in this sense: If g: P ~ Q is isotone, let R = Rg be the 
ideal generated by g in P x Q*. That is, we are identifying g with the set of ordered pairs 
(x, g(x», so Rg = {(x, y) E P x Q* : g(x).;; y}. It follows that R (x) = Q~g(x) and R -l(y) = 
g-l(Q .. y). Therefore g satisfies the hypotheses of 2.2 if and only if Rg satisfies the 
hypotheses of 2.5. 
3. MOBIUS NUMBERS, MOBIUS FUNCTIONS AND CHAIN COUNTING 
If P is a finite poset, define I.L (P), the Mobius number of P, to be the number of chains 
of odd cardinality minus the number of chains of even cardinality. We include the empty 
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set among the even chains; in particular, 1L(0) = -1. The Euler characteristic of the 
order complex of P satisfies x(P) = IL (P) + 1. The well known identity 
x(P) = I (-1)" rank Hn (P) 
implies that the Mobius number is preserved by homology isomorphism, hence also by 
homotopy equivalence. In particular, if P is contractible, then IL (P) = o. 
The Mobius function on P is an integer function on P x P which can be defined in 
terms of Mobius numbers by 
{
1L({tEP:X<t<y}) 
IL(X, y) = 1 
o 
The zeta function is defined by 
(x, y) = {~ if x~ y, 
if x~ y. 
if x < y, 
if x = y, 
if x~y. 
Using these definitions, one can use simple chain counting arguments to prove the 
recurrences 
5 (x, y) = IlL (x, t)(t, y) 
t 
=I(x, t)1L(t, y), 
t 
where 5 is the Kronecker delta. More commonly, as in [4,11,20], these recurrences are 
used to define the Mobius function. 
Conversely, one can define the Mobius number in terms of the Mobius function. Let 
P denote the poset formed by adjoining a new least element 0 and a new greatest 
element i to P. Then IL(P) equals IL(O, i) computed in P. 
The next result, which seems to be new, is a combinatorial analog of Theorem 2.5. 
As we shall see in Section 4, it also generalizes the Galois connection theorem. 
THEOREM 3.1. Let R be an ideal relation between two finite posets, P and Q. Then 
PROOF. We calculate IL(P+ RO) in two different ways. If C is a chain in P+ RO, let 
x be the largest member of C which belongs to P. If no such x exists, then C is counted 
by the term IL (Q). Otherwise, C can be split into a chain in P <x, the singleton {x} and 
a chain in R(x). It is easy to check that the signs work out, so we have IL(P+ RO) = 
IL(Q) + IXEPIL(P <x)IL(R(x». The other half of the proof is analogous. 
There is also an analog to Theorems 2.2 and 2.3, which is essentially the same as [1, 
Theorem 5.5]: 
COROLLARY 3.2. If g : P -+ 0 is an isotone map of finite posets, then 
IL(O)=IL(P)+ I IL(O>y)lL(g-l(O .. y». 
yEQ 
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PROOF. Let R = Rg be the ideal generated by g, as defined at the end of Section 2. 
Apply Theorem 3.1. 
4. GALOIS CONNEcnoNs 
A Galois connection between P and a is a pair of order-reversing maps, f: P ~ a and 
g : a ~ P, such that if x E P then g(f(x» 3 x, and if YEa then f(g(y» 3 y. One could use 
Lemma 2.1 to prove that f and g are homotopy inverses of each other. Alternatively, 
let R be the ideal of P x a generated by f. It is straightforward to show that R (x) = Q~f(x) 
and R -1 (y) = P "" g (y j, so Theorem 2.5 applies. 
A Galois connection can also be used in a more "local" fashion. 
THEOREM 4.1 . [20, p. 347]. Let f and g form a Galois connection between finite posets 
P and Q. For each x in P and y in a, 
L f..tp(x, s) = L f..to(y, t). 
s: f(s )=y t: g( t )= x 
PROOF. It is a simple consequence of the definitions that for every s in P and t in Q, 
f(s) 3 t¢=> g(t) 3 S . (*) 
We may assume that (*) holds with (x, y) in place of (s, t); otherwise both sides of the 
equality are zero. 
We will apply Theorem 3.1 to the half-open intervals (x, g(y)] and (y,f(x)]. Each of 
these posets is either empty or has a largest element, so we find that 
f..t«x, g(y)]) = -8(x, g(y» and f..t«y,f(x)]) = -8(y,f(x». 
We let (s, t) E R if (*) holds. Since R(s) = (y, f(s)] and R-1(t) = (x, g(t)], we similarly have 
f..t(R(s» = -8(y,f(s» and f..t(R-1(t» = -8(x, g(t». 
So Theorem 3.1 says 
!
8(Y,f(X» + L f..tp(x, s)8(y,f(s» 
x<s~g(y ) 
f..t«x, g(y)]) + R(Y,f(X)]) = 
8(x, g(y»+ L f..to(y, t)8(x, g(t». 
y < ' '''' f (x) 
If f(s) = y, then s ",. g(y). Also, if f..tp(x, s) ~ ° then x",. s. Therefore the constraint x < s ",. 
g(y) on the first summation can be replaced by s ~ x. Similarly, the second summation 
can be taken over t ~ y. The result follows. 
5. POSET MORPHISMS 
Isotone maps can be classified according to properties obeyed by all of their fibers. 
Some useful fiber properties are 
(0 existence of a greatest element, 
(ii) contractibility, 
(iii) acyclicity, 
(iv) having Mobius number zero. 
Note that (O:::} (ii):::} (iii):::} (iv), except that (iv) does not make sense for infinite posets. 
A map of type (i) is a Galois map; that is, if f: P ~ a is of type (0, then f is one of the 
maps of a Galois connection between P and Q*. (The other map sends an element y to 
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the greatest element of the fiber r\o.;.y).) We have already seen that a map of type 
(ii) induces homotopy equivalence, and a map of type (iii) induces homology isomorphism. 
By Corollary 3.2 the existence of a map of type (iv) implies that the domain and range 
posets have equal Mobius numbers. In fact, it can be shown that a monotone map 
f: P ~ Q is of type (iv) if and only if 
/J-(Q<y) = L /J-(P<x) f(x)=y 
for all y in 0. Therefore a map of type (iv) might be said to "induce" equality of Mobius 
number. 
The classes of maps above have the property that if f: P ~ Q is of type (n), and if G 
is an ideal of Q, then the restriction fo :f-I( G) ~ G is also of type (n). It follows that 
each of the fiber properties above is preserved by composition, so they may be said to 
define categories. 
6. GENERALIZED IRREDUCIBLES 
An element x of a poset P is said to be an irreducible of P if either P>x has a least 
element, or P <x has a greatest element. Bjorner showed in [6] that if x is an irreducible 
of P, then the inclusion map of P\{x} into P is a homotopy equivalence. This fact has 
an obvious generalization: 
PROPOSITION 6.1. If P <x or P>x is contractible, then the inclusion of P\{x} into P is a 
homotopy equivalence. 
PROOF. If P <x is contractible, apply Theorem 2.2. The other case follows by poset 
duality. 
Repeated applications of Proposition 6.1 can sometimes be used to determine the 
homotopy type of a given finite poset. For example, consider the poset of Figure 1, 
which was given by Rival [19] as an example of a poset which has no irreducibles but 
has the fixed point property. Proposition 6.1 can be used to remove the lower left and 
lower right elements. What remains has a least element, so the poset of Figure 1 is 
contractible. 
FIGURE 1 
On the other hand, Figure 2 shows a poset which is contractible, yet such that none 
of the subposets P <x or P>x is contractible. This example was obtained by subdividing 
the "dunce hat", which is a familiar example of a CW complex which is contractible but 
not collapsible. 
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FIGURE 2 
7. THE CROSS-CUT THEOREM 
If A is a subset of a poset P, we let P(A) denote the subposet of all elements of P 
comparable with every element of A. We say that A is astral if P(A) is non-empty. 
Given a subset C of P, let T(P, C) denote the simplicial complex of finite non-empty 
astral subsets of C. 
A subset C of P is a cutset if, for every x in sd(P), P(x) n C is non-empty. Rota 
showed [20, p. 352] that if P is a finite lattice and if C is a cutset which is also an 
antichain (a cross-cut), then JL(P) = JL(T(P, C)). Here we present a generalization due 
to Bjorner [6]. 
We say that a cutset C of P is coherent if, for every A in T(P, C), P(A) is a cone. It 
is easy to check that if P is a lattice, then every cutset of P is coherent. More generally, 
it is enough to require that every finite non-empty subset of C which is bounded above 
or below in P has a meet or a join in P. 
THEOREM 7.1. [6, Theorem 2.3]. If C is a coherent cutset in P, thenP and T(P, C) 
are homotopy equivalent. 
PROOF. Consider the ideal relation 
R = {(x, A) E sd(P) x T(P, C): XC P(A)}. 
For any x E sd(P), we have 
R(x) = {A E T(P, C): XC P(A)} 
= {A E T(P, C): A c P(x)}. 
Note that x cP(A) implies that A is astral; so R(x) consists of all finite non-empty 
subsets of P(x) n C. Thus R (x) is a simplicial complex which is a cone on any of its 
vertices, so R (x) is contractible. For A in T(P, C), 
R-1(A) ={x Esd(P): xcP(A)} 
=sd(P(A)). 
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Since C is coherent, P(A) is a cone, so R-1(A) is contractible. Now by Theorem 2.5, 
r(P, C) is homotopy equivalent to sd(P) and hence to P. 
If we use Theorem 3.1 instead of 2.5 in the proof above, we obtain the following. 
PROPOSITION 7.2. If P is a finite poset and C is a cutset of P, then 
I-L (r(P, C» == I-L (P) + L ( -1 t ard A I-L (P(A». 
AEr(p.C) 
Here we have used the facts that 
r(P, C) <A == 2A \{0, A} and I-L (2 A \{0, A}) == ( _ltardA • 
The latter fact is most easily proved using the product rule for Mobius functions. See 
[20, p. 345] or [12, p. 15]. 
8. LATTICE COMPLEMENTATION 
If x and yare elements of a lattice L, we say that x and yare complements in L if 
x " y = ° and x v y == 1. If x v y == 1, we say that x and yare upper semicomplements. 
We will write f for the poset L\{O, 1}. 
The next theorem strengthens homological results in [1, Section 6; 2], and verifies an 
unpublished conjecture of Bjorner. See [9] for further results and applications. 
THEOREM 8.1. Suppose L is a lattice and s E f. If B is a set of upper semicomplements 
of s, including all of the complements of s, then the poset f\B is contractible. 
PROOF. Let N = f\B for convenience, and define G = {x E f: x v s < 1}. Note that 
G is a subset of N. Also, s E G, and if x E G, then x v s E G; so G is join-contractible 
via s. 
Consider the inclusion map of G into N. Its fibers are G nN""x for all x in N. If x E G, 
then G n N ""x is a cone, because x is the greatest element. Suppose x E N\G. Then 
x v s == 1, but x is not a complement of s, so X" S > O. Note that X" s E G n N ... x • 
Furthermore, for any yin G nN .. x , we have 
(y v (x " s» v s = y v «X" s) v s) == y v s < 1, 
so y v (x " s) E G. Also y v (x "s):o;; x, so y v (x " s) E G n N " x. Thus G n N .. x is join-
contractible. Therefore, by Theorem 2.2, N is homotopy equivalent to G, which we 
know to be contractible. 
9. THE HIGHER ORDER COMPLEXES 
The width (or first Dilworth number) of a poset P is defined to be the maximum size 
of an antichain in P, and is denoted by d(P). The k-th order complex ..:ik(P) of a poset P 
is the set of finite non-empty subsets of P with width at most k, ordered by inclusion. 
These simplicial complexes (which we are thinking of here as posets) were studied by 
Bj6rner in [7, Section 7]. 
Observe that ..:i 1(P) == sd(P). We commented in Section 2 that there is an isotone map 
from sd(P) to P, defined by sending a chain to its greatest element, which has contractible 
fibers. That suggests the following generalization: Define the k-th ideal poset JdP) to be 
the set of non-empty ideals of P which are generated by at most k elements, ordered 
by inclusion. (Notice that J1(P) is isomorphic to P.) There is a natural isotone map 
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Uk: .1k (P) -+ Jk (P) which sends a subset of P to the ideal that it generates. Then we expect 
the following to hold. 
THEOREM 9.1. Uk is a homotopy equivalence. 
Before proceeding to the proof, we will need a few facts from matroid theory. 
Suppose S is a finite set. A function A: 2s -+ N is called submodular if, for all A, B in 
2s , 
A(A nB)+A(A uB)=S;A(A)+A(B). 
If A is isotone as well as submodular, then the collection 
{AcS: (VBcA)A(B);;"cardB} 
forms the set of independent sets of a matroid M(A). See [21, Chapter 8] for details. 
An edge x of a matroid is said to be a co loop (or isthmus) if, whenever a set A is 
independent, the set A u {x} is also independent. 
LEMMA 9.2. If A: 2s -+ N is isotone and submodular, and if A(S) ;;"card S, then M(A) 
has a coloop. 
PROOF OF LEMMA. If S is independent, we are done. Otherwise, there exists Ie S, 
I,c. S, such that A (1) < card 1. Choose I maximal with that property, and let B = S\1. We 
will show that M(A) is the direct sum of its restrictions to I and B, and that the restriction 
to B is the free matroid. 
Let D be an independent subset of 1. We need to show that DuB is independent. 
So suppose that DuB is dependent. Then there exists JeD u B such that A (J) < card J. 
Note that card J = card(J n D) + card(J n B). By submodularity, 
A (I n J) + A (I u J) =s; A (1) + A (J) 
=s;card I +card(J nB)+card(J nD)-2 
= card(I u J) + card(J n D) - 2. 
Since A is isotone and D is independent, 
A(I nJ) ;;"A(I nJ nD);;"card(I nJ nD) =card(J nD). 
Therefore 
card(J n D) + A (I u J) =s; card(I u J) + card(J n D) - 2 
or 
A (I u J) =s; card(1 u J) - 2 < card(I u J). 
By choice of I, this implies that J c 1. Since JeD u B, it follows that JeD. But that is 
absurd, since D is independent and J is dependent. 
PROOF OF THEOREM. By Theorem 2.2, it suffices to show that Uk has contractible 
fibers. The problem reduces to this: Let P be a poset which has exactly m maximal 
elements, m =s; k, and such that every element of P is below some maximal element. We 
need to show that .1k (P) is contractible. 
Let tt. t2, ... , tm be the maximal elements of P. 
Homotopy type of posets 
Given A c [m] = {I, 2, 3, ... , m}, define 
t(A)={ti : iEA}, 
E(A) = {x E .:h(P): xu t(A) E LldP)} and 
N(A)={YEP: (ViEA)y~Ui}' 
Note that N(A) is a filter (dual ideal) in P. Define the relation 
R = {(x, A) E Llk(P) x (iml\{0}): x E E(A)}, 
which is an ideal relation. 
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For A E i ml \{0}, we have R- 1(A) = E(A). Since m ~ k, t(A) E E(A), and in particular 
E(A) is non-empty. Now it is clear from the definition that E(A) is join-contractible 
via t(A). If we can show that every R(x) is contractible, then Theorem 2.5 will imply 
that Llk(P) is homotopy equivalent to i ml \{0}, which has a greatest element, so we will 
be done. 
From now on, let x be a fixed member of Llk(P). 
The N notation has the properties that Xc Y implies N(Y)cN(X), hence N(X)u 
N(y)cN(Xn Y), and also N(X)nN(Y)=N(Xu Y). Greene and Kleitman showed 
[14, Lemma 4.3] that if F and G are filters in a finite poset, then 
d(F n G) +d(Fu G) ";3d(F)+d(G). 
Combining these facts, we find that the function A: iml-+ N defined by A (A) = 
k - d (x n N (A» is isotone and submodular. Furthermore, A ([ m]) = k";3 m, so Lemma 
9.2 says that the matroid M(A) has a coloop. 
A non-empty set Ac[m] does not belong to R(x) precisely when d(xut(A»>k. 
This happens just in case there is some BcA such that card B+d(xnN(B»>k, or 
card B > A (B). Therefore, R (x) consists precisely of the non-empty independent sets of 
M(A). Saying that M(A) has a coloop is the same as saying that R(x) is join-contractible. 
Thus R (x) is contractible, which completes the proof. 
REMARK 1. If x is disjoint from t([m]) and d(x)=k, then R(x) is the matroid r(l) 
of[14,p.67]. 
REMARK 2. Although Llk(P) is homeomorphic to Jk(P) for k = 1, they need not be 
homeomorphic for k> 1. For example, if P is the poset of Figure 3, then the realizations 
of Ll 2(P) and J2 (P) are not of the same dimension. 
FIGURE 3 
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